Some properties of D-preinvexity for vector-valued functions are given and interrelations among D-preinvexity, D-semistrict preinvexity, and D-strict preinvexity for vector-valued functions are discussed.
Introduction and preliminaries
Convexity and generalized convexity play a central role in mathematical economics, engineering, and optimization theory. Therefore, the research on convexity and generalized convexity is one of the most important aspects in mathematical programming (see [1] [2] [3] [4] [6] [7] [8] [9] [10] [11] and the references therein). Weir and Mond [7] and Weir and Jeyakumar [6] introduced the definition of preinvexity for the scalar function f : X ⊂ R n → R. Recently, Yang and Li [9] gave some properties of preinvex function under Condition C. Yang and Li [9] introduced the definitions of strict preinvexity and semistrict preinvexity for the scalar function f : X ⊂ R n → R and discussed the relationships among preinvexity, strictly preinvexity, and semistrictly preinvexity for the scalar functions. Yang [8] also obtained some properties of semistrictly convex function and discussed the interrelations among convex function, semistrictly convex function, and strictly convex function.
Throughout this paper, we will use the following assumptions. Let X be a real topological vector space and Y a real locally convex vector space, let S ⊂ X be a nonempty subset, let D ⊂ Y be a nonempty pointed closed convex cone, Y * is the dual space of Y , equipped with the weak * topology. The dual cone D * of cone D is defined by
As a generalization of the definition of preinvexity for real-valued functions, Kazmi [3] introduced the definition of D-preinvexity for vector-valued functions as follows. [6, 7] ). A set S ⊂ X is said to be invex if there exists a vector function η : X × X → X such that x, y ∈ S, α ∈ [0,1]=⇒y + αη(x, y) ∈ S.
Definition 1.2 (see
(1.2) Definition 1.3 (see [3] ). Let S ⊂ X be an invex set with respect to η : X × X → X. The vector-valued function F : S → Y is said to be D-preinvex on S if for all x, y ∈ S, α ∈ (0,1), one has
Equivalently, (1.3) can be written as 5) have the same solutions, where F (x 0 ) is the Fréchet derivative of F at x 0 .
In [1] , Bhatia and Mehra introduced the definition of D-preinvexity for set-valued functions and obtained some Lagrangian duality theorems for set-valued fractional program.
As generalizations of definitions of strict preinvexity and semistrict preinvexity for scalar function, we introduce the definitions of D-strict preinvexity and D-semistrict preinvexity for vector-valued functions as follows. Definition 1.4. Let S ⊂ X be an invex set with respect to η :
, and for any α ∈(0,1), one has
(ii) F : S → Y is said to be D-strictly preinvex on S if for all x, y ∈ S such that x = y, and for any α ∈ (0,1), one has Mohan and Neogy [4] introduced Condition C defined as follows.
Condition C. The vector-valued function η : X × X → X is said to satisfy Condition C if for all x, y ∈ X and for all α ∈ (0,1),
And they proved that a differentiable function which is invex with respect to η is also preinvex under Condition C. Mohan and Neogy also give an example which shows that Condition C may hold for a general class of function η, rather than just for the trivial case of η(x, y) = x − y.
In this paper, we will use the * -lower semicontinuity and * -upper semicontinuity to obtain some properties of D-preinvexity for vector-valued function in Section 2 and discuss the interrelations among D-preinvexity, D-semistrict preinvexity and D-strict preinvexity for vector-valued function in Section 3. The results in this paper generalize some results in [5, [8] [9] [10] from scalar case to vector case.
Properties of the D-preinvex functions
In this section, we will give some properties of D-preinvex functions. 
Proof. Note that both λ = 0 and 1 belong to set A based on the fact that 
Next, let us consider
Hence,
, and therefore λ < λ 1 . Because λ ≥ λ 0 and λ ∈ A, this is a contradiction to the definition of λ 1 
Proof. The necessity follows directly from the definition of D-preinvexity for the vectorvalued function F. We only need to prove the sufficiency. Suppose that the hypotheses hold and F is not D-preinvex on S. Then, there exist x, y ∈ S and λ ∈ (0,1) such that
Let z = y + λη(x, y). From Lemma 2.1, we know that there exists a sequence {λ n } with λ n ∈ A and λ n < λ (the definition of A in Lemma 2.1) such that λ n → λ (n → ∞). Define
Note that S is an open invex set with respect to η. Thus for n is sufficiently large, we have y n ∈ S. Furthermore, by Condition C, we have
As λ n ∈ A, we have
By the * -upper semicontinuity of F on S, for every q ∈ D * , q(F)(·) is upper semicontinuous, it follows that for any ε > 0, there exists an N > 0 such that the following holds:
Since ε > 0 may be arbitrary small, then for all q ∈ D * , we have
Since q is linear and by Lemma 1.1, we have
Equation (2.11) is a contradiction to (2.5), thus the conclusion is correct. 
Proof. The necessity follows directly from the definition of D-preinvexity of F. We only need to prove the sufficiency. Suppose that the hypotheses hold and F is not D-preinvex on S. Then, there exist x, y ∈ S and λ ∈ (0,1) such that
It is easy to check that x 1 ∈ B from the assumption and xλ / ∈ B. Then, t ∈ [λ,u) implies x t / ∈ B, and there exists a sequence t n with t n ≥ u and x tn ∈ B such that t n → u (n → ∞). Hence,
Since F is * -lower semicontinous, for every q ∈ D * , q(F)(·) is lower semicontinuous, it follows that
Let y t = y + tη(x, y), t ∈ [0,λ), and 
By the definition of u, v, we have 0 ≤ v < λ < u ≤ 1. From Condition C, for all λ∈(0,1), we have
From above, we get
By the definition of u, v, we have
Hence, for all λ ∈ (0,1), 
Relationship among D-preinvexity, D-strict preinvexity, and D-semistrict preinvexity

It is easy to see that D-strict preinvexity implies D-semistrict preinvexity by Definition 1.4. The following examples illustrate that a D-semistrictly preinvex function may be neither a D-preinvex function nor a D-strictly preinvex function and a D-preinvex function does not imply a D-semistrictly preinvex function.
Example 3.1. This example illustrates that a semistrictly D-preinvex mapping may be neither a D-preinvex function nor a D-strictly preinvex function. Let
Then, F is a semistrictly D-preinvex mapping on S = R 2 with respect to η. However, by letting x = 3, y = −3, λ = 1/2, we have
That is, may be neither a D-preinvex function nor a D-strictly preinvex function with respect to the same η.
Example 3.2. This example illustrates that a D-preinvex mapping is not necessarily a D-
Then, F is a D-preinvex mapping with respect to η on S = R 2 . However, by letting y = 1,
That is, F is not a semistrictly D-preinvex mapping with respect to the same η.
About relationship between D-preinvexity and D-strict preinvexity, we have the following result. 
then F is a D-strictly preinvex function on S.
Proof. Assume that F is not a D-strictly preinvex function, then there exist x, y ∈ S with x = y and there exists λ ∈ (0,1) such that
Choose β 1 , β 2 with 0 < β 1 < β 2 < 1 and
By Condition C, we have
That is, y + αη(x, y) = y + λη(x, y). By (3.7), we have
By (3.9), (3.11), and D + intD ⊂ intD, we have Let S be a nonempty invex set in X with respect to η : X × X → X, where η satisfies Condition C, and f : S → R is a preinvex function for the same η on S. If f satisfies the following condition: there exists an α ∈ (0,1) such that for all x, y ∈ S with x = y implying that
then f is a strictly preinvex function on S.
About relationship between D-semistrict preinvexity and D-strict preinvexity, we have a result as follows. 
Proof. Since F is D-semistrictly preinvex function, we only show that
Let x = y + αη(x, y). From (3.14) and for each x, y ∈ S, x = y, we have
, and from Condition C, y) . By the D-semistrictly preinvexity of F and (3.16),
and from Condition C, we have From the D-semistrictly preinvexity of F and (3.16),
This completes the proof.
Remark 3.6. Theorem 3.5 is the generalization of [8, Theorem 7] .
About the relation between D-preinvexity and D-semistrict preinvexity, we will use the separation theorem of convex sets to prove the following result. 
By contradiction, suppose there exists an α ∈ (0,1) such that
Let z α = y + αη(x, y). Since F(x) − D is a closed convex set, by the strong separation theorem for convex sets, there exist 0 = q ∈ Y * and b ∈ R such that
Since D is a cone, we have that q(d) ≥ 0, for all d ∈ D, which implies that q ∈ D * . By 0 ∈ D and (3.23), we have
Since F is * -lower semicontinuous, there exists β : α < β < 1 such that
From Condition C,
Hence, by (3.22) and D-semistrict preinvexity of F, we have
Since q ∈ D * , (3.24) and (3.27) imply
On the other hand, from Condition C,
Therefore, by (3.25) and D-semistrict preinvexity of F, we have
Since q ∈ D * , (3.25) and (3.30) imply 
then F is a D-semistrictly preinvex function on S.
Proof. For each x, y ∈ S satisfy F(x) = F(y) and λ ∈ (0,1), by assumption, we have 
Conclusions
In this paper, we firstly obtain two properties of D-preinvexity for vector-valued function which are equivalent conditions in terms of the D-preinvexity and intermediate-point D-preinvexity. We then get two sufficient conditions of the D-strict preinvexity in terms of intermediate-point D-strict preinvexity and D-preinvexity (or D-semistrict preinvexity). We finally obtain both the sufficient condition and necessary condition of the Dpreinvexity in terms of the D-semistrict preinvexity.
